The spectrum of water can be considered as the juxtaposition of the spectra of two molecules, with different total nuclear spin: ortho-H 2 O, and para-H 2 O. No transitions have ever been observed between the two different nuclear-spin isotopomers. The interconversion time is unknown and it is widely assumed that interconversion is forbidden without some other intervention. However, weak nuclear spin-rotation interaction occurs and can drive ortho to para transitions. Ab initio calculations show that the hyperfine nuclear spin-rotational coupling constants are about 30 kHz. These constants are used to explore the whole vibration-rotation spectrum with special emphasis on the coupling between nearby levels. Predictions are made for different spectral regions where the strongest transitions between ortho and para levels of water could be experimentally observed.
I. INTRODUCTION
In 1927 both Heisenberg 1 and Hund, 2 independently, proposed that H 2 , due to Fermi-Dirac statistics, should exist in two forms, ortho-H 2 for which the total nuclear spin (I) is one, and para-H 2 for which I is zero. In the same year Dennison, 3 and later Bonhoeffer and Harteck, 4 confirmed this prediction experimentally, and managed to separate the two isotopomers which, as it was shown, present different physical properties. A review about this fundamental initial success of quantum mechanics can be found in Ref. 5 . For a long time hydrogen was the only molecule for which a physical separation between the two nuclear spin isotopomers was possible. Recently new techniques have been devised which separate the nuclear spin isotopomers of other small polyatomic molecules, such as CH 2 O, Na 2 , Li 2 , H 3 ϩ , and CH 3 F. A recent detailed review about the experimental methods used in these various cases can be found in Ref. 6 . Very recently a selective absorption technique was used to separate nuclear spin isotopomers of water, 7 after preliminary attempts based on the same method. 8 Little is known about the mechanism which converts two nuclear spin isotopomers. It is assumed that there are two steps involved in this process: Molecular collisions initially cause a variation of the vibrational-rotational energy, and if two rotational levels belonging respectively, to a ortho and para species happen to accidentally be close enough one with respect to the other, the total wave function of the system mixes via hyperfine nuclear spin-rotational or spin-spin interactions. The first theoretical study on water based on this model was by Curl et al. in 1968. 9 The theory has then been recently employed to study other asymmetric tops, such as ethylene 10 and formaldehyde. 11 The conversion mechanism between ortho and para molecular isotopomers can be studied experimentally separating the two isotopomers and observing their interconversion with time; 12 another possibility is given by the analysis of high resolution spectra of the sample in which both ortho and para species are present at the equilibrium. Strongly forbidden transitions between levels belonging to the two different isotopomers can provide an accurate means of measuring the interconversion parameters. The only experimental observation of strongly forbidden transitions between ortho and para levels has recently been reported for H 2 ϩ . 13, 14 Laser induced vibrational fluorescence 15 has recently been employed for this purpose to study water 16 and acetylene 17 but no nuclear spin conversions were observed. There are a huge number of vibrational-rotational transitions in the spectra of polyatomic molecules and a preliminary analysis of which of transitions should give the strongest forbidden lines is highly advisable. This requires an accurate knowledge of the vibrational-rotational spectrum of the molecule under study.
Water is the most spectroscopically studied molecule due to its atmospheric, astrophysical and biological importance. For atmospherical studies, for example, many of the observed rotational-vibrational transitions have been collected in the HITRAN database. 18 A comprehensive compilation of all of the 12 500 plus H 2 16 O experimentally determined rotational-vibrational levels has recently been reported in Ref. 19 . Water, a fundamental benchmark triatomic molecule, has also been the subject of numerous fundamental theoretical and computational studies, due to the relatively small number of electrons and of vibrational modes which mean that accurate ab initio methods can be used to determine its properties. Recently it has become possible to calculate the whole of its rotational-vibrational spectrum from first principles with an accuracy of 1 cm Ϫ1 .
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In equilibrium conditions and for high temperatures ͑that is temperatures higher than 50 K͒ ortho levels are statistically three times more abundant than the corresponding para levels. For temperatures lower than 50 K, though, the orthopara ratio ͑OPR͒ can be significantly lower than 3 and this can be exploited to estimate water temperature from high resolution spectroscopic observations. The OPR has been used as a water temperature probe for cometary studies, for example in Halley in 1987, 21 and more recently in Hale-Bopp. 22 These and other preliminary studies of chemically different comets suggest nuclear spin temperatures of about 25 K in all of these comets, significantly cooler than the observed rotational temperatures. Despite comet lifetimes estimated at over four billion years, it is believed that, due to the strongly forbidden character of the interconversion processes, this temperature can be related to the temperature of the interstellar regions where comets originated and were formed. It thus contains important information on their astrophysical evolution. Other information comes from the relative abundance of volatile compounds, but so far no connections could be established between the two different sets of data. To do this both more observations and more information about the conversion mechanism between the two nuclear spin isotopomers are needed.
Transitions between ortho and para rotational levels for water have never been observed, 16 and for this reason there is no experimental measure of the nuclear spin-rotational interaction constant, or any knowledge about which regions of the water spectrum conversions are more likely to occur. In this paper we study the whole of the vibrational-rotational spectrum of water, and try to determine in which regions of the spectrum it may be possible to make experimental observations of these strongly forbidden transitions.
II. CALCULATIONS

A. Nuclear spin-rotational "SR… interactions
The rotational-vibrational levels of water can be labeled using the asymmetric top notation J K a K c , where J is the quantum number associated with the rotational angular momentum, K a and K c the quantum numbers associated with the projection of the total angular momentum J along the A inertial axis and the C inertial axis, respectively. The levels can be assigned either to the ortho or para nuclear spin isomer using the quantity K a ϩK c ϩv 3 , where v 3 is the vibrational quantum number associated to the asymmetric stretching vibration. If K a ϩK c ϩv 3 is odd then the state is a ortho state, whereas when even it is a para state. 19 The general interaction Hamiltonian between nuclear spins and molecular rotation can be written
where the sum runs over the protons, and where I (i) and C (i) are the nuclear spin vector and the nuclear spin-rotational coupling tensor for the proton i, and J is the molecular angular momentum vector. The nuclear spin-rotation tensor for a planar molecule has five nonvanishing components for each atom: The diagonal elements C aa (i) , C bb (i) , and C cc (i) along the three main inertia axis, and the planar components C ab (i) and C ba (i) . The C tensor is not symmetric, that is
and the following equations hold for the two protons when the molecular frame is fixed in the molecular center of mass and oriented along the principal inertial axis:
To simplify the notation we will not write the proton suffix anymore, and when referring to the constant C xy we will refer to the C xy (1) . The antisymmetric behavior of the off diagonal terms with respect to the proton exchange makes them responsible for the ortho-para interconversion. The part of the Hamiltonian where these appear was written by Curl
In the above equation H rot is the standard rotational Hamiltonian, J a , J b are the rotational angular momentum components projected along the two principal intertia directions a and b, whereas I a (1) , I b (1) and I a (2) , I b (2) are the two nuclear spin components along a and b for the first and second hydrogen, respectively.
The diagonal elements for the operator H SR are the vibrational-rotational energies associated with the operator H rot , whereas the off-diagonal elements for the operator H SR ͑1͒ were obtained by Curl 9 who employed the WignerEckart theorem and calculated the consequent reduced matrix elements as explained in Ref. 23 ͗J
͑5͒
It should be observed that, due to the symmetry of the system, the parity of K c must be conserved with the interaction. The asymmetric top eigenfunctions are expressed as a combination of prolate symmetric top functions:
The coefficients A Jkm were then calculated diagonalizing the Hamiltonian matrix for the asymmetric top for Jр100, following a method reported in Ref. 24 . With this formulation the rotational energy of a asymmetric top can be expressed as
where E() are the eigenvalues of the Hamiltonian matrix whose elements are given by ͗J,k,m͉H͉J,k,m͘ϭFJ͑Jϩ1͒ϩ͑GϪF͒k
where f (J,kϩ1) is given by
and H,F,G, in the case of water are 24 Fϭ Ϫ1
, ͑11͒
Gϭ1, ͑12͒
HϭϪ ϩ1
and
In this work we did not take into account the dependency of the asymmetric wave functions on the vibrational levels, and centrifugal distortions parameters. To calculate the asymmetric top rotational wave functions we used the following rotational constants: Aϭ27.880 61 cm Ϫ1 , B ϭ14.521 61 cm Ϫ1 , Cϭ9.277 76 cm Ϫ1 .
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The mixing between ortho and para vibrationalrotational wave functions was assumed to involve two levels at most. The experimentally determined levels are the known eigenvalues of a 2ϫ2 symmetric matrix, with the interaction given by Eq. ͑5͒. The energy of the ortho and para levels is
where E o and E p are the experimental levels, w is the interaction matrix element obtained from Eq. ͑5͒. The resulting wave functions can be written
where the normalized interaction coefficients c 1 and c 2 are
In practice, considering the very weak character of the interaction w, c 1 , that is the largest coefficient, is very close to one and c 2 becomes
B. Ab initio calculation of the nuclear spin-rotational interaction tensor
The nuclear spin-rotational interaction tensor C has been calculated using the program DALTON. 26 This program computes values for these parameters using either the Hartree-Fock ͑HF͒ or the multiconfigurational selfconsistent field ͑MCSCF͒ electronic wave functions. We used basis sets of increasing complexity, from a triple zeta cc-pVTZ of Dunning et al. 27 to the more accurate cc-pV5Z for the Hartree-Fock method, and then compared our results with a more demanding MCSCF calculation. For the MC-SCF we used the cc-pVQZ basis set, and allowed configurations to be formed within a complete active space ͑CAS͒ of 18 virtual orbitals. This gave 2 372 112 electronic configurations. The MCSCF calculation took about 45 hours of CPU time on a 2 GHz Pentium IV Linux PC, compared to just the few seconds which are necessary to perform a HF calculation with a cc-pVTZ basis set, or to the six hours necessary for the HF/cc-pV5Z results. The values for the constants are reported on Table I .
It can be seen that there are very small differences between the constants calculated with the two ab initio methods and the various basis sets. For this work, which is only semiquantitative, a simple HF with a cc-pVTZ basis set provides values of comparable quality to the much more demanding MCSCF: Considering the small amount of time required to perform such calculations, we decided to study the dependence of these constants with respect to the geometry of the molecule. A tridimensional tensorial surface would be necessary to properly consider transitions between different vibrational states. We calculated the dependence of the five parameters (C aa , C bb , C cc , C ab , and C ba ) for the two hydrogen nuclei with respect to the bond lengths r OH 1 , r OH 2 and the valence angle H 1 OH 2 . Figures 1 and 2 show the bidimensional dependence of the tensorial components with respect to the symmetric displacement of r and . It should be noted that these tensorial components depend on the choice of the Cartesian frame fixed within the molecule. We chose to center our fixed molecule reference on the molecular center of mass, and the axis were oriented along the three principal axis of inertia, recalculated for every geometry. For the bidimensional surfaces reported in Figs. 1 and 2 we calculated 104 points using the HF/cc-pVTZ ab initio method, and least squared fitted the results with a linear sextic polynomial using MATHEMATICA. 28 We obtained a mean absolute deviation between the ab initio points and the analytical polynomial expression of about 3 kHz for all of the tensorial surfaces. The coefficients for these bidimensional functions are reported in Table II .
C. Nuclear motion and intensity stealing
The intensities of the ''forbidden'' transitions can be estimated by considering the overlap of the ortho and para states due to the hyperfine interaction. Assuming as an example that the initial state is ortho and that the final state is the overlap of a para state (⌽ 1 ) and an ortho state (⌽ 2 ) we can write:
that is the intensity for the forbidden transition can be obtained from the intensity of the corresponding allowed transition by simply scaling its intensity times the square of the coefficients for the weakly interacting state. The same expression holds when the initial state is the interacting level.
In the less likely case that both the initial and the final states are sufficiently close to interacting levels, the calculation of the intensity becomes ͑when c 2 and c 4 are the smaller coefficients resulting from the weak interaction͒:
which, in practice, considering that c 1 and c 3 are very close to 1 becomes
͑22͒
It should be noted that in this case, given that both the initial and the final states interact one should observe a doublet of forbidden transitions of equal intensities ͓Eq. ͑23͔͒ in the experimental spectrum. This is a consequence of the expression for the intensity which contains the absolute values for the interacting coefficients c 1 and c 2 for both ortho-para mixed states, and these are the same.
The absolute intensity for a given allowed transition can be calculated using the expression 29 
Iϭ
4.162 034ϫ10
where Ј and Љ are the final and initial state wave numbers, i f is the transition wave number, Q(T) is the partition function, and the coefficients S( f Ϫi) are the weighted transition moment-squared, expressed in Debye, and obtained from the HITRAN database where they are indicated as R i j . The absorption intensity calculated using the expression above is expressed in cm/molecule, and is a function of the temperature T. All of the calculations reported in Table IV It is clear from Figs. 1 and 2 that the coupling constants change considerably with molecular structure. For this reason they should vary with vibrational state, and of course, should be very different for interactions between levels belonging to different vibrational states. To properly include the vibrational contribution to the intensity it is necessary to perform vibrational averages over the C ab (r 1 ,r 2 ,) functions using the appropriate vibrational wavefunctions. This could be the subject of a future study, particularly if linked to a specific experiment. In this work we have simply assumed a coupling constant of 33.7 kHz, based on our ab initio calculated values, in all cases. This is somewhat larger than the value of 10 kHz guessed by Curl et al. 
III. RESULTS AND DISCUSSION
Tables III and IV report a list of the more strongly coupled states obtained by browsing the whole list of water energy levels. 19 These pairs of states were stored, and then used to calculate the frequency and the intensity of forbidden transitions, some of which are reported in Tables V and VI.  Table III gives the closest pairs of ortho and para states, that is those separated by no more than 0.1 cm Ϫ1 , allowing the program to span the whole known vibrational-rotational spectrum for water. Table IV , instead, presents all the levels separated by up to 2.0 cm Ϫ1 . This is a considerably larger number than in the previous case; to reduce the amount of reported data we focus on the most significant states, those lying below 5000 cm Ϫ1 . It can be seen from Table III that the largest interaction corresponds to the 24 9,15 /25 6,19 pair of ortho-para states, in the first excited bending vibrational state. This pair of states mixes considerably more than any other pair (c 2 ϭ9ϫ10 Ϫ4 ) due to their proximity. In fact their separation, less than 0.001 cm Ϫ1 , is comparable to the accuracy with which they are experimentally determined and, therefore, this value of c 2 has a large uncertainty. This pair of levels corresponds to highly excited rotational states, though, and for this reason they are not among the most promising candidates to be observed experimentally, even though, due to the accuracy with which the experimental data are known, their interaction could be even larger.
The second most promising pair of levels belonging to the same vibrational state is the 15 1,5 /15 3,13 belonging to the 2 2 and 2 ϩ 3 vibrational levels, respectively. Again, due 
Para levels Ortho levels
Mat. el. 
4.72ϫ10
Ϫ6
to their proximity, their wave functions are predicted to mix by at least one order of magnitude more than all of the other levels present in the vibrational spectrum of water. These pairs are difficult to observe experimentally due to the fact that they belong to highly excited vibrational states. Thus to observe these would require sensitivity several orders of magnitude better than the recent state-of-the-art longpathlength Fourier transform experiments of Ref. 31 However, such an observation may be possible with newer ultralong pathength techniques. From Table IV it can be seen that for levels present in the lower part of the spectrum the ortho-para mixing ratio is much smaller, the largest mixing coefficient being of about 10 Ϫ6 , that is about 2 orders of magnitude lower than in the previous cases. Despite this, though, the forbidden transitions for which the largest absolute intensity is predicted are mostly belonging to this part of the spectrum. A sample of such transitions is reported in Tables V and VI. It can be seen from Table V , and 5ϫ10 Ϫ32 respectively. It should be noted that the cut-off threshold which is nowadays used in the compilation of the HITRAN database is 10 Ϫ28 cm/mol, so the strongest transitions are nearly four orders of magnitude weaker than this. Table VI gives the strongest predicted transitions in the spectrum when the hyperfine nuclear spin-molecular rotation interaction occurs among vibrational-rotational states belonging to different vibrational levels.
IV. CONCLUSION
In this work we study the possibility of observing strongly forbidden vibrational-rotational transitions between ortho and para isotopomers for water. These are yet to be observed experimentally: From such an observation it would be possible to develop reliable models about the ortho and para interconversion mechanism. This is important, for example, in the study of astrophysical cometary problems. We suggest that the strongest forbidden transitions should be found in the mid infrared due to vibrational-rotational transition involving the first excited bend. These have a predicted intensity of about 10 Ϫ32 cm/mol, about four orders of magnitude less than the present intensity cut-off threshold employed with standard spectroscopic techniques when colecting data for the HITRAN database. There are a number of possible experiments, high sensitivity far infrared, long path length near infrared or ICLAS in the visible, for example, which could provide a means to observing such very weak forbidden transitions. Our work provides precise information on where to look and estimates of possible intensities to be found in different spectral regions. Our calculations neglect ortho-para conversion due to molecular collisions. It is likely that such collisions lead to an enhanced conversion rate but the levels involved will be the ones identified in this study. It would be possible to extend the present work to study more accurately transitions between interacting levels belonging to different vibrational states. To do this, one should consider the dependence of the nuclear spin-rotational tensor with respect to the vibrational coordinates and to calculate the integrals involving the different vibrational states. Such an extension is fairly straightforward and can be done to help model any planned experiment.
